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Abstract 

We construct and discuss a 6D supersymmetric gauge theory involving four deriva- 
tives in the action. The theory involves a dimensionless coupling constant and is 
renormalizable. At the tree level, it enjoys A^=(1,0) superconformal symmetry, 
^ , but the latter is broken by quantum anomaly. Our study should be considered as 

preparatory for seeking an extended version of this theory which would hopefully 
preserve conformal symmetry at the full quantum level and be ultraviolet-finite. 

o 
in . 

1 Introduction 



Higher- dimensional quantum field theories bear interest from different points of view and 
appear in numerous intertwining contexts, such as Kaluza-Klein approach, string theory, 
higher spin theory, etc. 

Recently, one of the present authors suggested [1] that some field theory in higher 
dimensions could play a role of fundamental microscopic theory. This hypothetical under- 
lying higher-dimensional theory should, in particular, involve 3-brane classical solutions, 
which might be associated with our Universe in the spirit of [2]. In contrast to other 
popular brane-Universe scenarios, like Randall-Sundrum scenario [3], the fundamental 
theory of the bulk in this case is not assumed to include gravity, the latter is expected 
to be generated as an effective theory living on the brane. Clearly, there should exist 
a mechanism of getting rid of the cosmological term which is known to be zero or very 
small. For ensuring this, the fundamental theory should be supersymmetric. Indeed, 
only supersymmetry can provide for the exact cancellation of quantum corrections to the 
energy density of the brane solution. 

If we want the "ultimate" higher-dimensional theory to be renormalizable, the canon- 
ical dimension of the lagrangian should be greater than 4, i.e. it should involve higher 
derivatives. Higher derivative theories are known to have a problem of ghosts, which 
in many cases break unitarity and/or causality of the theory. However, a model study 

*On leave of absence from ITEP, Moscow, Russia. 
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performed in Refs. [1] indicated that in some cases, namely, when the theory enjoys ex- 
act conformal invariance, the ghosts are not so malignant and the theory might enjoy a 
unitary S-matrix to any order of perturbation theory. 

We conclude that the conjectural fundamental QFT should preferably be a supercon- 
formal theory. This restricts the number of dimensions in the flat space-time where the 
theory is formulated by D < 6. Indeed, all standard super conformal algebras (involving 
the super- Poincare algebra as a subalgebra) are classified (for instructive reviews see [4]). 
The highest possible dimension is six, which allows for the minimal A/"=(1,0) conformal 
superalgebra and the extended chiral J\f—(2, 0) conformal superalgebra. 

Thus a natural hypothesis is that the field theory in question lives in six dimensions and 
enjoys the highest possible superconformal (and super-Poincare) symmetry with Af=(2, 0). 
Unfortunately, no field theory with this symmetry group is known to date. A possible 
candidate is the superconformal theory of tensor (2,0) multiplet. 1 However, the corre- 
sponding lagrangian (with a standard, linear realization of M = (2, 0) superconformal 
symmetry 2 ) is not constructed, and only indirect results concerning scaling behavior of 
certain operators have been obtained so far [7]. 

In this article, we derive the lagrangian for the QD gauge theory with unextended Af=l 
superconformal symmetry. This theory is conformal at the classical level and renormal- 
izable. However, it is not finite: the (3 function does not vanish there and the conformal 
symmetry is broken at the quantum level by anomaly. In other words, the theory con- 
sidered in this paper cannot be regarded as a viable candidate for the ultimate theory. 
However, its study represents a necessary preparatory step before tackling the problem of 
constructing and studying a possible extension of this theory, such that it would respect 
the superconformal symmetry (at least the A/"=(1,0) one) at the full quantum level and 
so could be considered as the appropriate candidate. 

The adequate technique for constructing the relevant QD superfields and their inter- 
actions is the technique of harmonic superspace (HSS) [8] which was extended to six 
dimensions in [9-11]. In the next Section we briefly describe the HSS technique in six 
dimensions, derive the lagrangian of higher-derivative supersymmetric Yang-Mills theory 
and prove its conformal invariance. In Sect. 3, we derive the lagrangian in the component 
form. In Sect. 4, we calculate the (3 function of this theory at the 1-loop level. Its sign is 
positive so that the theory has the Landau pole. 3 The last Section is devoted, as usual, 
to conclusions and speculations. 

1 This multiplet is closely related to the famous M-theory 5-brane [5,6]. 

2 Thc nonlinear effective action of (2,0) tensor multiplet as the world-volume multiplet of M-theory 
5-brane, with nonlinearly realized N = (2, 0) superconformal symmetry, was constructed in [6]. 

3 This fact might be understood as follows. The "usual" non-gauge and Abelian gauge theories in four 
dimensions have the Landau pole, while non- Abelian theories are asymptotically free. On the other hand, 
a non-gauge theory of the real scalar field with cubic (not bounded from below) potential oc 3 in six 
dimensions is known to be asymptotically free [12]. 
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2 6D harmonic superspace. 

The basic facts about the spinor representations of 50(5,1) group and the Af=l,6D 
superspace can be found in Appendix. What we actually need to know is that the stan- 
dard Af=l superspace (to be more precise, A/"=(1,0) superspace) involves the following 
coordinates 

z = (x M ,9«), (M = 0,...,5, a = l,...,4, i = l,2), (2.1) 
where the Grassmann coordinates 9f obeys the reality condition 

ef = -c a h (e\y = e ai . (2.2) 

Here the bar operation is the covariant conjugation defined in (A. 5). The fact that 9 
can be expressed via 6 is a distinguishing feature of 6D superspace compared to 4D 
superspace. 

The basic spinor derivatives of the 6D, Af—1 superspace are 

D k = d k -t6 bk d ab , {D k ,D l b } = -2ie kl d ab) (2.3) 

where 

d ab = ^ M ) ab d M , d M x N = 6Z, d k 9 b = 6 k 5 b a , x M = \{ 1 M ) ab x ab . (2.4) 

The off-shell superfield constraints of the QD, Af—1 gauge theory have the following 
form [13,14]: 

{V^,V[} + {Vl,V fe fe } = 0, (2.5) 

where V l a = D l a + A l a (z) is the spinor covariant derivative; A\ is the spinor superfield 
connection. 

These constraints have been solved [10,11] in the framework of the HSS approach. To 
make the discussion self-contained and to establish the notation, we describe it briefly 
here. 

Let us first observe that the symmetry group of the superspace (x M , 6f ) involves 
besides Poincare and supersymmetry transformations also i?-symmetry 577(2) transfor- 
mations. The conventional superspace is a coset of the super-Poincare transformations. 
It is natural to consider also the coset of the i?-symmetry SU(2)/U(1) = CP 1 = S 2 . It is 
parametrized by the harmonics u ±l (u~ = (u +t )*, u +l u^ = 1). The harmonic QD, Af=l 
superspace is parametrized by the coordinates 

The harmonic superspace in the analytic basis involves the harmonics and the so called 
analytic coordinates Z A = (x^,9 ±a ) 

= x M + % -Bli^B\u^u-\ 6 ±a = u±6 ak . (2.6) 
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It is convenient to define the following differential operators called spinor and harmonic 
derivatives (in the analytic basis): 

D+ = d. a , D- = -d +a -2t6- b d ab , D = u + *-^-u-*-^- + 6+ a d +a -6- a d_ a 
D ++ = d ++ + i6 +a 6 +b d ah + 6 +a d„ a , D = d— + iQ- a Q- h d ah + 0- a d +a , (2.7) 



where d± a 6 ±b = 5 b and 



d ++ = u +l J-, dr- = u -' 



du~ { du +i 
The following commutation relations hold 

{£>+, D-} = 2id ab , [D ++ , D-] = D° 

[D++, = [D-, D-] = , [D ++ , D-] = D:, [D-, D+] = D~ . (2.8) 
We shall use the notation 

{D±Y = -±e abcd D±D±D±D± (2.9) 
and the following conventions for the full and analytic superspace integration measures: 

d u Z A = (fx A {D-)\D + )\ dC A = d 6 x A (D~)\ (2.10) 
The following simple identity, 

\{D + )\D-f{D + Y = □( J D+) 4 , □ = d M d M = \e abcd d ab d cd , (2.11) 
will be helpful for us. 4 

2.1 Harmonic superfields and their interactions 

A general 6D superfield depends on 8 odd coordinates 9" 1 (or 9 ±a ), which makes their 
component expansion rather complicated. There is, however, an important class of su- 
perfields, Grassmann-analytic superfields, which depend only on 

(C,u) = (x^,6 +a ,u^) (2.12) 

i.e. involves only half of the original Grassmann coordinates. The set (2.12) forms the 
closed superspace on which 6D, A/"=(1,0) supersymmetry (and the full A/"=(1,0) super- 
conformal symmetry) can be realized and which is called "harmonic analytic superspace" . 
The structure of Grassmann-analytic (G-analytic) superfields is much simpler than that 
of a general superfield. The possibility to formulate the theory in terms of G-analytic 
superfields represents a crucial advantage of the HSS formalism. A certain disadvantage 

4 What we will actually need is the equivalence of the differential operators (1/2)(D + ) 4 (D~~) 2 and □ 
when acting on a Grassmann-analytic (see below) superfield <f)((,u). 
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is that the superfields depend now not only on the superspace coordinates, but also on 
harmonics U{. The experience shows, however, that the simplifications brought about by 
analyticity are more important than the complications coming from explicit harmonic 
dependence. A G-analytic superfield 4>((,u) satisfies the constraint D^<p = 0. 5 In the 
analytic basis is reduced to the partial derivative d/d8~ a and this constraint simply 
means that <f> lives on the superspace (2.12). 

The superfields can be classified according to their harmonic charge q, the eigenvalue 
of D°. By the full analogy with what is known for J\f = 2 AD theories [8], the 6D SYM 
theory is formulated in terms of the G-analytic anti-Hermitian superfield gauge potential 
which has charge +2 and is denoted V ++ . It defines the covariant harmonic derivative 

V ++ = D ++ + V ++ . (2.13) 

The superfield gauge transformation uses the analytic anti-Hermitian matrix param- 
eter A 

5 A V ++ = -D ++ A + [V ++ , A] . (2.14) 

It is convenient to introduce also non-analytic gauge connection V which can be 
obtained out of V ++ as a solution of the harmonic zero-curvature equation 

D ++ V— - D V ++ + [V ++ , V—} = . (2.15) 

The connection V can be constructed as a series over products of V ++ taken at different 
harmonic "points", 



v—( \ VV iv J V ++ (z, Ul )...V++(z,u n ) 
V {z,u) = 2^{-l) du 1 ...du n77 —^ 7 - r ^ ( 2 - 16 ) 

n=l 



(u+ut)(utut) . . . (u+u+) ' 



where the factors (u + u^) 1 etc are the harmonic distributions [8] and the central basis 
coordinates z are defined in (2.1). The connection V transforms as 

5^V = —D A + [V , A] (2.17) 

under gauge transformations. It can be used to build up spinor and vector superfield 
connections 

A-(V) = -D + a V-, A ab (V) = -^D+V-. (2.18) 
In addition, one can define the covariant (1,0) spinor superfield strength, 

W +a = -\s abcd D+D+D+V— . (2.19) 
The superfield action of the standard 6D, Af—1 gauge theory was constructed in [10], 
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'-l) n+1 f Ifi , Hn , , Tr {V ++ (z, Ul )...V ++ (z,u n )} , rtftft , 
' d 6 x d 8 9 d Ul ... du n 1 ) ' ; ; ' nn , (2.20) 



P ^ n J " ( u t u t ) • • • («) 



5 It is quite analogous to the habitual chirality constraint D a <p — in four dimensions. 
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where / is the coupling constant of canonical dimension -1. The corresponding component 
Lagrangian in the Wess-Zumino gauge [see eq.(3.11) below] gives the standard equations 
of motion of the 2-nd order for the gauge fields and of the 1-st order for the fermions. 

Let us derive the superfield equation of motion for the action (2.20). To this end, one 
should first represent the action as an integral over the analytic superspace by acting with 
the operator (D + ) 4 on the integrand [cf. (2.10)]. Taking the variation of the result over 
5V ++ and comparing it with (2.16), we obtain the equation 

F ++ = \D+W +a = (D + ) A V— = . (2.21) 

The superfield F ++ is Grassmann-analytic. It is transformed as 

5 A F ++ = [F ++ ,A] (2.22) 

under gauge transformations. 

It is very easy to write down now the superfield action with dimensionless coupling 
constant. It has the following form 

S = T*J d ^ duTr ( F++ ) 2 • ( 2 - 23 ) 

Indeed, the superfields V ++ , V are dimensionless. It follows that F ++ defined in (2.21) 
has canonical dimension 2. Hence g is dimensionless. The action (2.23) is gauge invariant 
as follows immediately from (2.22). 

The action (2.23) can be rewritten as an integral over the full 6D harmonic superspace, 
in a few equivalent forms. The corresponding Lagrangians are the Chern-Simons type 
densities, 

S = 2^ / dl4Z ^ duTl ( V ~ F++ ) = ^J d U Z A duTr {A~W +a ) 

J d 14 Z A dus abcd Tr [A ab (V)A cd (V)\ . (2.24) 

Note also that one can use in this model the alternative formalism with an auxiliary 
tensor superfield H ++ 

S(F ++ , H ++ ) = - \ I dC 4 du Tr [F ++ (V ++ )H ++ + |Tr (H ++ ) 2 ] (2.25) 

which is completely equivalent to the higher-order formalism. 

To derive the equations of motion one should use the following tensor relation between 
arbitrary variations of harmonic connections: 

SV— = ±(V—) 2 8V ++ -±V ++ (V—8V—), 
V—5V ++ = DSV ++ + [V— ,5V ++ ] , (2.26) 

or equivalently 

VSV ++ = V ++ SV—, [V ++ , ] = D° . (2.27) 
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The formula for 8V can be obtained by applying V to both sides of the first relation 
in (2.27) and using the second relation. The variation of S is 

5S = \ J dC 4 duTr (5F ++ F ++ ) = \J d l4 Z A duTr (SV" F ++ ) 

= J_ f d 14 Z A duTr [(V— V— 5V ++ ) F ++ ] 

= I dC^duTi [5V ++ {D + )\V~-f{D + YV—]=^, (2.28) 
which leads to the equation 

(D+)\V— ) 2 (D + ) A V— = . (2.29) 

Note that in the process of deriving this equation, the second term in the formula for 
the variation 5V in (2.26) was omitted since it does not contribute by virtue of the 
important relation 

V ++ F ++ = 0, (2.30) 

which follows from the definition of F ++ in (2.21) and the harmonic zero-curvature con- 
dition (2.15). 

2.2 Superconformal invar iance 

The action (2.23) is scale invariant which suggests its conformal invariance. In this sub- 
section we prove it within the superfield HSS formalism. 

Transformations of the 6D, A/"=(1,0) superconformal group OSp(8*\2) in the central 
basis have the form 

Sx ab = c ab + u a x cb + u b x ac + ax ab_i_( e ak d b_ e bk d aj 

+x ac k cd x db + \e ak o bl e c l 6 d k k cd - l ^ k c e a k x bc + \?) k c e\x ac 
+ \r ldl e w e ak ei-\r ]dl e al e hk e d k , 

561 = e a k + u a b e b k + \a6l - L l k 6f + x ac k cd 9 d k + |0<^ c fc 

- x ac Vck + ir, l c 6?et - {r ]ck d al e c l . (2.31) 

The meaning of the group parameters is clear from their index structure and dimensions. 
In particular, a is the dilatation parameter, k a t, are the parameters of special conformal 
transformations, e ak and r] k are the parameters of 6D Poincare and special conformal 
supersymmetries, L l k are the parameters of SU (2) rotations. The closeness of the trans- 
formations (2.31) can be directly checked. 

The conformal transformation of the harmonics can be defined by the analogy with [8] 

Su+ = A ++ u k , 5u k = , 
A++ = ik ab 6 +a e +b + 2irj+9 +a + L kl u+u} , 
D A ++ = 2ik ab 0- a e +b + 2ir]-6 +a + 2ir]+6~ a + 2L kl u k u+ , (2.32) 
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where 77+ = rf a uf '. They have the same closure as (2.31). The superconformal transfor- 
mations of the harmonic derivatives are given by 

5D ++ = -A ++ D° , 6D— = —{D A ++ )D , (2.33) 

like in the AD case [8]. 

Having the above transformations at hand, it is not difficult to find how the J\f—(1, 0) 
superconformal group is realized in the analytic basis 

S0+* = e +a + \aQ +a + u a b +b + L + -9 +a + x a A c k cd 9 +d - xfrf + i%9 +b 9 +a , 
Sxf = c ab + uj a c x cb + u b c x a A + ax ab + i{e- a +b - e- b +a ) - k cd x<%x™ 

- t V ;x a A c e +b + i V ;x b A c e +a , 

56- a = e- a + \aQ- a + u a b 9- b + L 9 +a - L' + Q- a + (x a A c - iQ- a Q+ c )Q- d k cd 

- x a A c r]~ + ir]-e- c e +a - ii 1 te- c e- a - ir)-e +c Q- a . (2.34) 

Here L = L kl u~u~^ , etc. Using these transformation rules, it is easy to establish the 
transformation of the analytic superspace integration measure d(" 4 du = d 6 x A d' i 9 + du: 

5(dC 4 du) = ( d ab 5x ab + d— A++ - d + J6 +a ) (dC~*du) = AKdC^du , 

4A = 4a-2x ab k ab -4ir]-6 +a -2L + - , (2.35) 

where we used 

d ab 5x ab = 6a - 3x ab k ab - 3ir]-0 +a , d +a 56 +a = 2a + 4L + ~ - x ab k ab + 3ir]~6 +a , 
9~A ++ = 2irj-e +a + 2L + - , D ++ A = -|A ++ . (2.36) 

Under the superconformal transformations given above the gauge potentials U ±± trans- 
form as 

SV ++ = , 6V— = —(D A ++ )U , (2.37) 

which mimics the transformation rules of the harmonic derivatives. The defining harmonic 
zero-curvature equation (2.15) is manifestly covariant with taking into account the relation 

J D++A++ = 0. (2.38) 

Let us now verify the superconformal invariance of the action (2.23). The invariance 
of (2.23) under dilatations with the parameter a is evident. The invariance under the 
SU(2) transformations (with parameters L^) can be checked using the transformation 
properties in the analytic basis 

SV— = -2L+-V— , 5(D + ) 4 = 4L + -(D + ) 4 , 5F ++ = 2L+~F ++ , 
5{dC 4 du) = -2L+- (dC 4 du) . (2.39) 

It is straightforward to obtain 

5 L S~ J d(- A du2L + -Tr (F ++ ) 2 . (2.40) 



Next we represent 2L + = D ++ L and integrate by parts to rewrite 5lS as 

5 L S ~ -2 J dC 4 duL—Tr (V++F++F++) . (2.41) 

This expression is vanishing as a consequence of the relation (2.30). 

Let us now prove the invariance under the special conformal supersymmetry with the 
parameters rf a . Since all other superconformal transformations are contained in the closure 
of this supersymmetry with itself and with the Poincare supersymmetry and the action is 
manifestly invariant under the latter, the invariance under the conformal supersymmetry 
actually amounts to the invariance under the full superconformal group. 

In the analytic basis, the covariant derivative = d- a transforms as 

8„Dt = ~^p^Dt = i(v + • 9- + rf ■ e+)D+ + irf {6+ ■ D+) - irf a [9~ ■ D + ) . (2.42) 

Then it is straightforward to find 

5 v (D+y = t(3 V + ■ 9- + 577- ■ 9+){D+f + ^v+D+D+D* . (2.43) 

Taking into account that for the considered case 

D A ++ = 2i(rj- -9 + + r] + ■ 6~) (2.44) 

and using the transformation law (2.37) of V , it is also straightforward to compute 
that 

5 V F ++ = i(r] + ■ 9- + 377- ■ 9 + )F ++ + ^e abcd r]+D+D+Dj V" . (2.45) 

Despite the presence of two terms which, being taken separately, break analyticity, it is 
easy to check that this variation is still implicitly analytic: acting on it by yields zero. 
Actually, it can be given the following manifestly analytic form 

S r) F ++ = 32(77- • 9 + )F ++ + i(D + f ■ 9~) V—] . (2.46) 

The analytic superspace integration measure is transformed as 

5^{d(- 4 du) = -U{rf ■ 9+) (dC 4 du) , (2.47) 

then the variation of the action (2.23), up to the overall renormalization factor, is as 
follows 

5 V S ~ J dC 4 du (D + ) 4 [2i (r] + ■ 9~ + rf ■ 9 + ) Tr (V" F ++ )] 

= 2i J d 14 Zdu (r] + -9- +rj- ■ 9 + ) Tr {V~ F ++ ) . (2.48) 
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Then we represent 

r] + ■ 6~ + 77- ■ 6 + = D ++ (r]- ■ 9~) , (2.49) 
integrate by parts with respect to D ++ and use the relations (2.30) and (2.15) in the form 

V ++ V~- = D V ++ . 
After these manipulations the variation acquires the form 

6 V S ~ -2i J d 14 Zdu (r]- ■ 0-) Tr (D~ V ++ F ++ ) . (2.50) 

Now one should again take off (D + ) 4 from the measure and apply it to the integrand. 
Clearly, when all four derivatives hit the expression under the trace, the result is zero. 
The only extra terms appear when one of the spinor derivatives hits 6~ (and yields a 
Cronecker symbol) while three remaining ones hit D V ++ under the trace. It is clear 
that the result is also vanishing. Thus we obtain the desired result 

5 V S = 0. (2.51) 

Below we shall independently check that the component action is conformally invariant, 
which, together with the invariance under the Poincare supersymmetry, also implies full 
superconformal invariance. 



3 Component action 

We now derive the component form of the action (2.23). 

We start from the following component expansion of V ++ written in the Wess-Zumino 
gauge 

V { wz) = o +a e +b A ab + 2V2{e + fj~ a ~ 3(0 + ) 4 P- , (3.1) 

where 

(0 + ) 3 d = le abcd e +a 9 +b 9 +c , (0+) 4 = -± €o , cd 9 +a e +b 9 +c 9 +d , 
r a = r i u~, V-=W k u-u- k . (3.2) 

The expansion (3.1) involves only the physical fields: gauge fields Am (remind that A ab = 
\A M {lM)ab), gluino fields ip ai and a SU(2) triplet of the scalar fields V ik = V ki . The 
particular numerical coefficients in (3.1) were introduced for further convenience. 

If reducing the theory to 4 dimensions, we arrive at the J\f—2 vector multiplet, which 
can also be represented as the combination of the J\f=l vector multiplet and the adjoint 
chiral multiplet. The 6D gauge field gives the 4D gauge field and a complex scalar, a 6D 
gluino field is split in two AD gluinos and the field V lk is decomposed as 

V* = ( I D Zp ) , (3-3) 
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where real D is the auxiliary field of the Af—1 vector multiplet and complex F is the 
auxiliary field of the adjoint chiral multiplet. D and F are auxiliary (i.e. non-dynamical) 
fields just in the theory based on the standard action (2.20) (and its 4-dimensional coun- 
terpart) because they enter it without derivatives. We will see that in the action (2.23) 
they become dynamical. 

To find the component action, one must solve (2.15) with V^~ z -. for V , act on that 
by (-D + ) 4 to find F ++ , substitute the latter into (2.23), and integrate the result over 
Grassmann and harmonic variables. The calculations are tedious (mainly because V~~~ 
needed at the intermediate steps is not G- analytic), but feasible. 

For solving (2.15) we decompose V with respect to 9~ a with coefficients representing 
G-analytic superfields: 

V— = v— + 9~\ + 6- c 0- d v cd + (6-f d v +d + (6-) 4 v ++ (3.4) 

and rewrite (2.15) as a set of rather cumbersome harmonic equations for the coefficients. 
This set is as follows 

D ++ v— + 6 +b v- + 9 +a 9 +b [A ab , v—\ + 2V2(9 + ) d [ip- d , v—] 

-3(0+) 4 P>" «"]=0, 
D ++ v b + 29 +c (v cb - A cb ) + 9 +a 9 +c [A ac: v b ] - e bacd 9 +a 9 +c ^~ d - 3(9 + f b V~ 

+ 2V2(9 + f d {r\ v b } - 3(9 + nv-, v b \ = , 

D ++ v cd + l - tcdab 9 +a v +b - i9 +a 9 +b W cd A ab - 2tV2(9 + ) 3 b V cd ^- b 

+ 3i(9 + ) 4 V cd V— = 0, 
D ++ v +a - 9 +a v ++ + 9 +h 9 +c [A bc ,v +a ] + 2V2(9 + ) 3 b {*p- b ,v +a } 

-3(9+) 4 [V—,v +a ]=0, 
D++v ++ + 9 +a 9 +b [A ab , v ++ ] + 2V2{9 + ) a [^\ v ++ ] - 3(0+) 4 [P~ , v ++ ] = (3.5) 

with V a fe = d ab — i[v a b, ■] ■ One solves these equations by decomposing the G-analytic coef- 
ficients with respect to 9 + and solving the resulting harmonic equations for the component 
fields. This procedure is rather boring, but straightforward. Actually, for constructing 
the action we need only the highest component v ++ in the expansion (3.4) 

v ++ = (D + ) A V— = F++ = A++ + 9 +a \t + 9 +a 9 +b \ ab + (9 + f a \- a + (9 + f\— . (3.6) 

For the component fields in (3.6) we obtain the following expressions 

A++ = _ v++j A a + =V2( 7 M UVM^ +fe , 

\ ab = \(l M )ab^ M V + - + V N F NM ]+e abcd {ij- c ^ +d }, 

\- a = V2V 2 ij ai u~ + iV2F MN {a MN ) a b i, bl u- - ty ai , Zfluf 

+ V2[r i ,V kl ]u-u^u+, 
A = -V 2 V— -3[V—,V + ~] -2i{^-, 7 M V M ^"}- (3.7) 
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Here 



V M = \{l) ab V ab = d M -i[A M ,-\, V 2 = V M V M , 
Fmn = d M A N - d N A M - i[A M , A N ] (3.8) 

and a MN is defined in (A. 10) (see Appendix). 

As a warm-up, let us first reproduce the known component expression for the standard 
6D SYM action (2.20). From (2.20), (2.16) and (2.10), the quadratic in fields part of the 
action can be represented as 

S quadl = J dC A d G xdui:i{V ++ F^} . (3.9) 

Multiplying (3.1) by (3.6) with the linearized components (3.7), performing the Grass- 
mann and harmonic integrations using the identities 

ei M ee lN e = -80 V* , j dc\e + ) A = J d e XA , 

J duu+uj = ^€ij, J duu+u+uju- = i (e^ + e u e kj ) , (3.10) 

and restoring the nonlinear terms by gauge invariance, we obtain 

S=j 2 Jd & xTx {- l -F 2 MN - \w k V lk + /' ( :'"- ! 'V, i/t ',} . (3.11) 

The component form of the higher derivative action (2.23) is also derived rather 
straightforwardly. After integrating over 6 +CL , the action (2.23) is expressed in terms 
of the components of F ++ , eq. (3.6), as follows 

S =7^J d%xdu (2A ++ A~ - 2A+A~ a - e abcd \ ab \ cd ) . (3.12) 

After substituting the expressions (3.7) and performing the integration over harmonics in 
(3.12) we obtain the sought component action: 

S = -j 2 J ^Tr{(V M F ML ) 2 + ^ 7 M Vm(V)^ + ^(Vm^) 2 

+ V lk V k *V j 1 - 2iV jk (^ 7 M Vm^ - V^ 7 Y) + WlMipj) 2 

+ \vM^l M a NS [F NS ^ j \-2V M F MN ^ 1 N ^ (3.13) 

Let us discuss this result. Note first of all that the quadratic terms in the lagrangian 
are obtained from (3.11) by adding the extra box operator (it enters with negative sign, 
this makes the kinetic terms positive definite in Minkowski space). It is immediately seen 
for the terms oc V 2 and for the fermions. This is true also for the gauge part due to the 
identity 

Tr {{V M F MN f} = ~Tr {F MN V 2 F MN } - 2*Tr {F M N F NS F SM } . (3.14) 
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The appearance of the structure (3.14) was anticipated in [1] by lifting a AD higher- 
derivative supersymmetric gauge lagrangian to six dimensions. Actually, only this higher- 
derivative gauge fields kinetic term is conformally invariant. 6 

As promised, the fields T> tk become dynamical. They carry canonical dimension 2 
and their kinetic term involves two derivatives. There is a cubic term oc V 3 . This 
sector of the theory reminds the renormalizable theory (0 3 )6- Gauge and fermion fields 
have the habitual canonical dimensions [A M ] = 1, [tp] = 3/2. Their kinetic terms involve, 
correspondingly, 4 and 3 derivatives. The lagrangian involves also other interaction terms, 
all of them having the canonical dimension 6. 

It is instructive to evaluate the number of on-shell degrees of freedom in this la- 
grangian. Consider first the gauge field. With the standard lagrangian oc Tr-fF^y}, a 
six-dimensional gauge field A M has 4 on-shell d.o.f. for each color index. The simplest 
way to see this is to note that A is not dynamical and we have to impose the Gauss law 
constraint on the remaining 5 spatial variables. For the higher-derivative theory, however, 
the presence of two extra derivatives doubles the number of d.o.f. and the correct counting 
is 2 x 5 = 10 before imposing the Gauss law constraint and 10 — 1 = 9 after that. In 
addition, there are 3 d.o.f. of the fields Dij and we have all together 12 bosonic d.o.f. for 
each color index. The standard 6D Weyl fermion (with the lagrangian involving only one 
derivative) has 4 on-shell degrees of freedom. In our case, we have 4 x 3 = 12 fermionic 
d.o.f. due to the presence of three derivatives in the kinetic term. For sure, the numbers 
of bosonic and fermionic degrees of freedom on mass shell coincide. 

Our theory is conformally invariant at the classical level. This was proven in the 
previous Section using superfield formalism. But conformal invariance of the component 
lagrangian (3.13) can be shown directly. As distinct from the consideration in the previous 
Section, we will use here the formalism where the coordinates do not change after the 
transformation and only the fields do (the "active" form of the transformations). A 
special conformal variation of a primary operator $ is 

5* c $ = [(2x M x N - V MN x 2 )d N <S> + 2x N ( V MN d + S MN )<S>] e M , (3.15) 

where d is the canonical dimension of <3> and S MN is the spin operator. 7 The transforma- 
tion law (3.15) has the same form in space of any dimension. It is easy to see that for a 
primary operator O of canonical dimension D, J d D xScO = 0. Thus, conformal invari- 
ance of the action would be proven if the lagrangian density is transformed as in (3.15) 
with respect to conformal transformations (with d — 6). This is a nontrivial requirement 
and not any operator of canonical dimension D satisfies it (for a good review see e.g. the 
lecture of R. Jackiw [16]). An example of a AD action which is scale invariant, but not 

6 The four-derivative conformally invariant kinetic term of gauge fields was also considered in [15] where 
it appeared as an effective Lagrangian in a 61? non-conformal theory with standard two derivatives in 
the action. Its interpretation in our case is entirely different: it is present at the level of the microscopic 
Lagrangian and defines the free propagators of gauge fields. 

7 In fact, the same check of the conformal invariance can be performed using the "passive" variations 
<5 C $ = 2x N e M (v MN d+S MN )<S>, S C V M = 2 [(* ■ e)V M - x M (e ■ V) + e M (x • V)], S c {d e x) = -12(x-e)d 6 x, 
where "•" denotes the scalar product. 
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conformally invariant is 

n _ [( W] 2 
4 ' 

The point is that the derivatives of primary operators do not enjoy the same transforma- 
tion laws (3.15) as the primary operators. For example, if $ is a scalar of dimension d, 
the variation of (9m$ under a special conformal transformation is 

5* c (d M ®) = 5* c (d M $) + 2d$e M . (3.16) 

One can check, however, that most of the terms in (3.13) are transformed, up to a total 
derivative, according to the law (3.15). On the other hand, this is not true for the kinetic 
fermion terms and two last terms. Denoting the corresponding terms in the braces (with 
the attached signs and coefficients) in the consecutive order as (I), (II) and (III), we 
find that their variations contain, besides the standard pieces (3.15) and total derivative 
terms, also some extra pieces 

5(1) = -4Tr{F M V7^}e M , 
6(11) = -4Tr{F M V7^}e M , 
5(111) = 8Tr{F M V7^}e M . (3.17) 

In deriving (3.17), we used the identity 

Imo-ns + cnsIm = 2(vms1n ~ VmnIs) ■ (3.18) 

We see that 

5 [(I) + (//) + (///)] = 0, (3.19) 

which proves the conformal invariance of (3. 13). 8 As the action is supersymmetric by 
construction, this proves in a simple way the full superconformal invariance of the action 
(2.23), (3.13). 

4 Charge renormalization 

We proceed now to calculating (at the one-loop level) the f3 function of our theory. We 
will see that it does not vanish, which means that conformal invariance of the classical 
action is broken by quantum effects. 

The simplest way to do this calculation is to evaluate 1-loop corrections to the struc- 
tures ~ (d M T^) 2 and ~ V 3 . The relevant Feynman graphs are depicted in Figs. 1, 2. 

8 It is interesting to note that there exists another independent conformal combination of these terms, 
6 [(///) + 2(1/)] = 0. 
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For perturbative calculations, we absorb the factor 1/g in the definition of the fields. 
The relevant propagators are 



kB\ 



ir)MN8 AB 
p4 > 

iei k 5 AB p N ^ N 



iS 



AB 



P 



(4.1) 



where A, B are color indices, A M = Aj^^ , etc. The vertices can be read out directly 
from the lagrangian. 





a) 



b) 



c) 



Figure 1: Graphs contributing to the renormalization of the kinetic term. Thin solid lines stand 
for the particle V, thick solid lines for fermions, and dashed lines for gauge bosons. 






a) 



b) 



c) 



Figure 2: The same for the V 3 vertex. 

Consider first the graphs in Fig. 1. They involve logarithmic and quadratic diver- 
gences. The individual quadratically divergent contributions in the Wilsonean effective 
lagrangian are 



cff 



9 ' V Tr{^}7, 



A feft 



2 - y-jk 

2 Tr{T?fJJ, 

ACf c = Ac v Tt {D%} I , 

where cy is the adjoint Casimir eigenvalue and 

- A d 6 PE 
(2tt) 6 p| • 
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(4.2) 



(4.3) 



We see that the quadratic divergences cancel out in the sum of the three graphs. This 
is true at the one-loop level, but probably holds also for higher loops. This cancellation 
reminds the well-known cancellation of quadratically divergent corrections to Higgs boson 
masses in supersymmetric versions of the standard model. In the latter case, this is a 
corollary of the simplest known nonrenormalisation theorem — the corrections to super- 
potential vanish. We believe that the cancellation of the quadratically divergent pieces 
in our case also follows from a certain nonrenormalisation theorem. However, in order 
to formulate and to prove it, one has to develop an efficient super graph formalism in 6D 
harmonic superspace, which has not been done yet. 

The cancellation of the terms oc A 2 in the effective action means that the theory stays 
conformal at this level. Still, conformal symmetry is broken by quantum effects, which 
is displayed, as it was the case in AD, by appearance of the logarithmically divergent 
contributions to the effective charge. The logarithmic divergences in the 2-point graphs 
are 

A£j?> = g 2 c v + 2) Tr {{d M V ]k f} L = -^Tr {(d M V jk ) 2 } L , (4.4) 

where 

and three terms in the parentheses correspond to the contributions of the graphs in Fig. 
la,b,c. 

The 3-point graphs in Fig. 2 involve only logarithmic divergence. We obtain 

A^f) = 9 3 cv (-| - \ + f ) Tr {V lk V k W\} L = ±^Tr {V lk V k W\} L . (4.6) 

The full 1-loop effective lagrangian in the T> sector is 

^ = "^Tr {{d M V lk f} (l + ^Lj - gTr {V lk V^V)} (l - . (4.7) 

Absorbing the renormalization factor of the kinetic term in the field redefinition, we 
finally obtain 

/ 20g 2 c v r \ ( 5ggcy A\ 
9(ti = 9«[l- =go \l-—ln-j (4.8) 

for the effective charge renormalization. 

The sign corresponds to the Landau zero situation, as in the conventional QED. It is 
amusing to observe that, if taking into account only the graphs in Fig. la and Fig. 2a, 
the coefficient would be zero. In other words, the purely bosonic 6D theory 

c = -h:i{{d M v 3k ) 2 }- g i:i{v lk v^v]} (4.9) 

does not involve logarithmic divergences at the one-loop level (such a theory contains, 
however, uncancelled quadratic divergences in the mass counterterm - see the first line in 
eq.(4.2)). 
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5 Conclusions 



In this paper we presented the first example of renormalizable higher-dimensional super- 
symmetric gauge theory. It is 6D, J\f—(1, 0) gauge theory with four derivatives in the 
action and dimensionless coupling constant. Though it is superconformally invariant at 
the classical level, the superconformal symmetry turns out to be broken in the quantum 
case by conformal anomaly. As the result of this breaking, in accord with the arguments 
of [1], the quantum theory suffers from ghosts which cannot be entirely harmless. This 
raises the problem of searching for some extended theory, such that the (super) conformal 
symmetry is retained in it at the full quantum level. So this hypothetical theory would 
reveal the nice property of ultraviolet finiteness and could probably be considered as a 
candidate for the fundamental field theory. Exact conformal invariance may render the 
ghosts harmless [1]. 

What would the extended theory look like? We see only two options here: 

• It may enjoy the maximal superconformal symmetry A/"=(2,0) in six dimensions. 
However, in this case it should depend on tensor rather than vector multiplets [5,7]. 
Unfortunately, to describe the tensor multiplet in the framework of HSS is not a 
trivial task and it is not solved yet. As a result, no microscopic Lagrangian for 
interacting (2,0) tensor multiplet is known today... 

• Another possibility to try is to add to the higher-derivative QD, A/"=(l, 0) supersym- 
metric gauge theory action (2.23) an off-shell action of 6D,Af=(l, 0) hypermultiplet 
in some representation of the gauge group, with the same number of derivatives on 
fields. A similar extension of the non-conformal standard action of A/"=(l, 0) gauge 
multiplet (having two derivatives) with the hypermultiplet in the adjoint representa- 
tion is known to give rise to non-conformal Af=(l, 1) gauge theory [13]. In the HSS 
approach, the hypermultiplet is described by an analytic superfield g + (C, u) which is 
unconstrained and so contains off shell infinite towers of auxiliary fields with growing 
isospins (they come from the harmonic expansions). The higher- derivative action of 
q + could hopefully be constructed in such a way that it respects A/"=(l, 0) supercon- 
formal symmetry (which is surely broken in the standard minimal 6D hypermultiplet 
action). However, the total higher-derivative N={1, 0) superconformal action of the 
gauge multiplet and hypermultiplet cannot be expected to possess neither A/"=(l, 1) 
super Poincare nor any extended superconformal supersymmetry. Indeed, A/"=(l, 0) 
gauge multiplet and hypermultiplet can be combined only into a J\f—(1, 1) gauge 
multiplet, while no superconformal extension is known for non-chiral QD,Af=(l, 1) 
Poincare supersymmetry [4]. Nevertheless, such a coupled system could hopefully 
preserve its A/"=(1,0) superconformal symmetry at the full quantum level, thus be- 
ing ultraviolet finite. This higher derivative 6D theory should reveal some rather 
unusual features, since the infinite towers of the "former" auxiliary fields collected in 
the harmonic expansion of q + should acquire kinetic terms and become propagating, 
like the "former" auxiliary field V lk of the vector multiplet. 

A less ambitious but important task is to repeat the quantum calculations of Sect. 4 
with making use of the manifestly supersymmetric techniques of the harmonic supergraphs 
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[8]. This would allow one to obtain the charge renormalization for the whole superfield 
action (2.23), i.e. at once for all fields of the gauge multiplet. The supergraph techniques 
would be especially useful for exploring the quantum properties of the hypothetical higher- 
derivative gauge fields - hypermultiplet system. 
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Appendix: 6D, N=l superspace 

The group Spin(5, 1) has two different irreducible spinor representations of complex di- 
mension 4. An essential difference with the familiar Spin(3, 1) case (that also involves two 
different spinor representations) is that a complex conjugated Spin(5, 1) spinor belongs 
to the same representation of the group as the original one. To see it explicitly, one can 
express a (1,0) Weyl spinor \I/ a , (a = 1, 2, 3, 4) in terms of two SL(2, C) spinors 



This complex-conjugated representation of Spin(5, 1) is equivalent to some covariant (1,0) 
spinor 




(A.l) 



The complex conjugation gives us 




(A.2) 



(A.3) 



where the charge-conjugation matrix is introduced and 




(A.4) 



We shall use the covariant conjugation 




(A.5) 



which has the unusual property \l/ a = — \l/ a . 
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We choose the antisymmetric representation of the 6D Weyl matrices 



(7 M U = -(7 M k it = \e ahcd { lM U , (A.6) 

where M = 0, 1, . . . , 5 and e abcd is the totally antisymmetric symbol. All these matrices 
are real with respect to the covariant conjugation 



(7 M U = C^( 7c ^)* = ( 7 M U. (A.7) 
The basic relations for these Weyl matrices are 

(lM)ac(lNY h + (lN)ac(lMY h = -2S b a rj MN , (A.8) 

e a bcd = \{l M )ab{lM)cd , (A.9) 

where t]mn is the metric of the 6D Minkowski space (7700 = —7711 = . . . = —^55 = 1) and 
7m = Vmn1 N ■ 

The generators of the (1,0) spinor representation are S MN = —^a MN , where 

{a MN f a = i(7*V - tV)£ ,^=a MN . (A.10) 
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